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Calculation of Unsteady Flows
in Curved Pipes
Highly unsteady three-dimensional flows in curved pipes with significant variation of
geometry and flow parameters are studied. Using improvements in computationa
ciency, detailed knowledge concerning flow structures is obtained. The numerical
tions of the Navier-Stokes equations have been obtained with a variation of the proje
method, and the numerical method was enhanced by new algorithms derived fro
physics of the flow. These enhancements include a prediction of the flow unsteady p
gradient based on fluid acceleration and global pressure field corrections based on
flow. This new method yields an order of magnitude improvement in the calcula
efficiency, allowing the study of complex flow problems. Numerical flow simulation
oscillating flow cycles show that the curved pipe flows have a significant inviscid
nature at high values of the frequency parameter. The shape of the velocity profi
strongly influenced by the frequency parameter, whereas the influence of variations o
pipe cross-sectional area is shown to be rather weak. For large values of the frequ
parameter the flow history strongly influences the low mass flow part of the cycle lea
to highly unusual velocity profiles. The wall shear stress is studied for all the fl
calculated. Our results show that wall shear stress is sensitive to area constrictions





































During the past years there have been substantial effort
solving flow in curved pipes. Some of the papers that have in
enced our work are Dean@1#, Pedley@2#, Berger and Talbot@3#,
Chung and Hyun@4#, Hamakiotes and Berger@5#, Karahalois and
Panagopoulos@6#, Riley @7#, Sumida et al.@8#, and Yam and Dw-
yer @9#. However, only recently, with the increasing power of t
digital computer, has it been possible to calculate full thr
dimensional and time-dependent flows. In this paper, we acce
ate these developments with an improved algorithm based on
physics. Our algorithm is used to calculate a series of impor
flows that highlight our improvements. We have made our fl
parameters similar to those in the excellent study of quasi-th
dimensional flows of Hamakiotes and Berger@5#. In their study,
Hamakiotes and Berger@5# solved a fully developed flow in a
curved pipe where the fully developed assumption removes
axial coordinate from the problem. With the axial coordinate
moved, the influence of entrance and exit conditions canno
evaluated, and influences of geometric changes cannot be tre
With the development of fully three-dimensional calculations,
range of validity of the work of Hamakiotes and Berger@5# can be
assessed, and the important influences of geometry and entra
conditions can be studied. The present paper did not find
evidence of multiple solutions, such as Dennis and Ng@10#, Yang
and Keller @11#, and Hamakiotes and Berger@5#, however the
nature of our fully three-dimensional are different than the inv
tigation just mentioned.
A major motivation for the present work is its application
problems in physiology. For example, we are quite interested
the implications of our studies for the fluid flow in the aortic ar
where early atherosclerotic lesions, important in the developm
of cardiovascular disease, are found. These lesions are more
found in regions of arterial branching and curvature where
flow field is disturbed. This has motivated the notion that flu
mechanical stresses may act as a localizing factor for the dise
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The inability of researchers to precisely and accurately charac
ize fluid flow in blood vessels has impeded elucidation of the l
between fluiddynamics and vascular disease. Thus, a detailed
derstanding of the time-dependent flow patterns and wall sh
stresses are necessary in order to further elucidate the gene
this process. The present paper is a basic study of fluid flow in
direction, and it’s purpose is to serve as a foundation for fut
studies which will include the realistic geometry of physiologic
applications.
Method of Approach and Analysis
The equations solved in this paper are the time-dependent















t% "dAW Momentum Equations
(2)
whereVW -is the fluid velocity,p-the dynamic pressure,t% -the New-
tonian stress tensor andr-the fluid density. The equations ar
transformed into a generalized coordinate system in order tha
can treat generalized structured grids. These equations are s
using a projection like method~Dandy and Dwyer@12#, Pyret and
Taylor @13#!. The pressure Poisson equation is solved with a m
trix free and pre-conditioned version of GMRES~Wigton et al.
@14#!. However, even with this level of sophistication, the accur
solution of the Poisson equation requires an excessive comp
tional effort. The basic problem appears to be the slow conv
gence of the pressure field largely caused by the high aspect
of the computational cells that result from pipe flows. In order
n






































Downloaded Fromhave the correct mass flow at each section of the pipe it is ne
sary to iterate excessively on the Poisson equation leading
computationally expensive simulation.
In this paper, a new approach to predicting the pressure fie
introduced. Exploiting information about the unsteady flow fie
this algorithm predicts two accurate pressure corrections:
1 A pressure correction determined by the accelerating fl
field in the pipe, and
2 A pressure correction based on the defect or excess of m
at a local pipe cross-section.
With the use of these pressure corrections an order of magni
improvement in computational efficiency resulted in o
calculations.
To illustrate how these pressure corrections are determi
consider a flow into the pipe as shown in Fig. 1 satisfying
Navier-Stokes equations at timet, with mass flow ratem(t). At
time t1Dt the mass flow increases tom(t1Dt). For an incom-
pressible fluid, this causes an increase in the average velo
from Ū to Ū1DŪ. This velocity increase must occur at ea
cross-section of the pipe, since the fluid is incompressible, res
ing in an acceleration at each cross-section ofacel5DŪ/Dt. If
we assume that the acceleration is associated with a pressure




52¹W p8 Pressure Acceleration (3
wherep8 is the pressure field that will generate a velocity field
magnitudeDŪW during a timeDt. For a constant area pipe, th
pressure gradient is uniform in the direction of the flow, and
corresponds to a solution of a steady state potential equation
Neumann conditions at the wall and the velocity specified at
exit and inlet.
For an arbitrary shaped pipe, the accelerated flow is assume




50 on solid boundaries (4)
]f
]s
5 f ~x,y,z! at the pipe entrance and¹W f5VW
f50 at the pipe exit
wheren is normal to the wall ands is the streamline direction. The
solution can be normalized and made independent of the ma
tude of the velocity increaseDŪW . From a physical point of view,
this solution corresponds to an assumption that the new flow
irrotational during the time stepDt; however, this irrotational as
sumption can cause problems at the wall where the zero velo
condition is valid. The use of the pressure field has a direct
relation with boundary layer theory, where the pressure field fr
a potential flow is used to solve the viscous flow near the wa
The method can be summarized as follows:
1 Solve the velocity potential flow for the pipe geometry
interest;
2 Normalize and save this solution;
3 Calculate the acceleration pressure field from Eq.~3!; and
4 Using this pressure prediction for the acceleration field, so
the Navier-Stokes equations for this time step.
The acceleration pressure field is only an approximation of
pressure field for the Navier-Stokes solution. The remainder of
solution must be obtained from the Poisson equation or other
cedures. One procedure to further correct for the pressure fi
that we have found to be extremely useful, is a pressure correc
based on the average velocity defect at each pipe section.
average velocity defect is defined as870 Õ Vol. 123, DECEMBER 2001
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whereŪ-is the local average velocity andApipe-is the local pipe
area. The local velocity defect can be used to determine a pres





where the solutionp9 is the pressure correction based on the lo
velocity defect in Eq.~5!. The overall solution is obtained throug
the following procedure:
1 Solve the momentum equations with the time depend
pressure term and normal dynamic pressure, (p1p8), wherep8 is
obtained from Eq.~3!;
2 Determine the local velocity defects and pressure correct
p9;
3 Resolve the momentum equations with the new press
field, p1p81p9; and
4 Solve and converge the pressure Poisson equation to ob
ing the remaining correction to the new pressure field.
The results obtained with this procedure leads to more than
order of magnitude improvement in computational efficien
when compared to using the classical projection method with o
the Poisson equation determining the new pressure field. We
now present our investigations of the structure of unsteady p
flows that will also illustrate these points.
Results
A section of the pipe mesh used in our calculations is presen
in Fig. 1. It should be noted that straight pipe sections are adde
the entrance and the exit of the curved pipe to limit the interact
of the curved pipe flow with the regions where boundary con
tions are applied. The calculations will now be described start
with our validation calculation of steady flow.
„A… Steady Flow in a Curved Pipe, ReÄ750. We begin
with a discussion of steady flow in a curved pipe as shown in F
2. The geometry of the curved pipe and the Reynolds numbe
chosen to be the same as in the study of Hamakiotes and Be
@5#. A cross section of the pipe geometry is presented in Fig
where the curvature ratio,d, defined as the ratio of the cross
sectional radius to the curved pipe radius,d5a/R, is one-seventh,
~i.e., d51/7). The Reynolds number, Re5(ŪD)/n, is taken to be
Fig. 1 Mesh system used for the calculations in a curved pipe







































Downloaded Fromseven hundred and fifty, which effectively determines t
Dean number5Red1/2. The inflow condition, at the entrance o
the pipe, is a uniform flow with a flat velocity profile.
The results, presented in Fig. 2, show three views of the flo
Part ~A! shows the normalized velocity vector field and the pre
sure field in the plane of symmetry of the flow;
Part ~B! exhibits the cross-flow vectors and the contour mag
tudes of the axial flow for the cross-section located at the mid
of the pipe; and
Part ~C! is the three dimensional representation of the axial fl
located at the mid-pipe cross-section. These results are in ag
ment with the published literature,~Berger et al.@3#, Yam and
Dwyer @9#! and clearly show the transition of both the veloci
and pressure fields from the inlet conditions to a flow domina
by the influence of the curved pipe geometry. The following fe
tures should be noted:~a! both the pressure and velocity fields a
larger near the outer pipe wall;~b! the cross-flow is down along
the outer pipe wall and up towards the pipe center; and~c! the
retarded axial flow is near the inner pipe wall. We will refer
these features when discussing the results of other flows ca
lated in this paper. In particular, it will be shown that highly u
steady flows have a very different character and their solut
contains a part that is characteristic of inviscid flows.
Comments on Numerical Accuracy and Convergence
The mesh shown in Fig. 1, 21-radial, 42-periodic, and 41-ax
was the final one chosen to perform the calculations presente
the paper. The minimum mesh that we were able to obtain sta
solutions was 11322321, however at this resolution there was
serious lack of resolution in the periodic direction. The proble
can be seen in Parts~B! and~C! of Fig. 2 by observing the varia-
tion of the axial and circumferential flow along the inner secti
of the pipe. The sharp variations of velocity components requir
more refined mesh. In the radial direction we have used a m
that expanded geometrically from the wall, and a ten percent g
expansion did an adequate job, even with 11 points~a ten percent
error in wall shear!. We have experimented with the following
mesh sizes: 11322321, 16332331, 21342341, and 31362
381, and we have found that the spatial change in accuracy
less than one percent for the two finest meshes.
The two most computationally expensive parts of our wo
were the resolution of the time cycle, obtaining a periodic so
tion, and the convergence of the continuity based Poisson e
tion. Similar to Hamakiotes and Berger@5# we have found that
240 time steps per cycle gave very good resolution of the ac
erations during the cycle, and the variations of peak wall sh
Fig. 2 Steady flow calculations in a curved pipe, Re Ä750. Part
„A…-Symmetry plane pressure contours and velocity vectors.
Part „B…-Mid plane primary flow velocity contours and cross-
flow velocity vectors. Part „C…-Primary flow velocity shape.Journal of Fluids Engineering































between cycles were less than 1 percent after five cycles. We
carried out calculations for 25 cycles, and the variation in pe
wall shear between cycles decreased slowly to a value of
percent. In our fully three-dimensional results with a specific in
velocity profile, we did not see any evidence of multiple solutio
such as presented by Hamakiotes and Berger@5#, Dennis and Ng
@10#, and Yang and Keller@11#.
Even with our acceleration of the convergence of mass co
nuity with the pressure corrections presented previously, the s
tion of the Poisson equation required 80 percent of our comp
tional effort. Of course, without the pressure acceleration
computational time increased by an order of magnitude, and
accurate solution of the Poisson equation require 99 percent o
computational time. Some of the quantitative results on the ac
racy of the continuity correction will be presented in Figs. 3 and
„B… Unsteady Flow. In general, the flow conditions for this
set of calculations are chosen to be similar to the quasi th
dimensional study of Hamakoites and Berger@5#, where the pipe
geometry is that presented in Fig. 1. The unsteady oscillating
flow condition has the frequency parameter value ofa515, where
the frequency parametera is defined as
a5a~2p f /n!1/2
In this equation,f is the oscillating flow frequency andn is the
kinematic viscosity of the fluid. The normalized velocity over o
cycle @0, 2p# is plotted in Fig. 3. Each cycle is divided into 24
time steps in our calculations. The base case calculations h
mean Reynolds number and amplitude ratio equal to,
Re5~ŪD !/n5375 and g5ŪMIN /ŪMAX50.95,
whereŪ is the mean axial velocity averaged over one oscillat
cycle, see Fig. 3.
„I … Base Case Calculations: Mean ReÄ375, aÄ15 and g
Ä0.95. As mentioned above, the base case calculations hav
oscillating inflow condition. The beginning of the cycle, set atf
50 deg, corresponds to the maximum velocity of the cycle. T
results, presented in Fig. 4, are from the fourteenth cycle of
calculations. Under these conditions, all flow variables have c
verged to less than 1 percent from previous cycles, and all his
effects from the initial conditions have been eliminated.
The results of our base flow calculation, shown in Fig. 4, a
divided into two columns. Column one, on the left side of t
p ge, shows the three dimensional axial flow velocity at the p
mid-section, while the figures on the right column of the pa
show the pressure contours and the velocity vectors along
symmetry plane of the pipe. The data are plotted at every fo
Fig. 3 Cycle average velocity profile and average velocity
errorDECEMBER 2001, Vol. 123 Õ 871
f Use: http://www.asme.org/about-asme/terms-of-use






ty isfive degrees of the cycle. The range for the contour legend va
in Fig. 4 is set for the entire cycle, and is not scaled to the lo
time in the cycle.
The plots in Fig. 4~a! correspond to the point of our cycl
where the flow is maximum,f50 deg, and the acceleration872 Õ Vol. 123, DECEMBER 2001
: https://fluidsengineering.asmedigitalcollection.asme.org on 06/30/2019 Terms olues
cal
s
zero. Comparing this result to the steady state results present
Fig. 2, we note that the mean velocity has the same average v
in both cases. However, the shape of the velocity profiles is v
different. The centrifugal nature of the steady flow profile is n




















































Downloaded Fromlarger near the inner wall than at the center of the pipe. The sh
of the profile is the result of the rapid acceleration of the flow
the maximum mean flow. This type of velocity profile was al
observed in the work of Hamakiotes and Berger@5#, however it
does not seem to be widely known within the biofluids resea
community. The rapid acceleration is essentially inviscid exc
very near the pipe wall where the no slip condition is applied. T
is not unexpected since at a high frequency parameter ofa515,
the entire cycle time is short compared to viscous wall diffus
times. It is not clear why the fluid near the inner wall has
velocity larger than the pipe center. One reason may be tha
essentially inviscid flow has a shorter distance to travel along
inner wall. Another reason could be that it is caused by the fl
ejected by the thin wall boundary layer, which is similar to flow
the entrance of a pipe at elevated Reynolds number~Schlichting
@15#! where a similar velocity overshoot can occur. The unste
flow effects are stronger than the influences of the curved p
geometry and the flow has a non-centrifugal nature at this valu
the frequency parameter. The velocity profiles in Fig. 4~a! are
almost axisymmetric.
The pressure field plotted in our figures is made dimension
with the dynamic head,p5p* /(rŪ2). We note that on the scal
of the total pressure change during the entire cycle~sixty dynamic
heads!, the axial pressure gradient atf50 deg, given in Fig. 4~a!,
is rather weak. The magnitude of the pressure loss atf50 deg is
of the order of four dynamic heads. This result is quite similar
the results for steady flow~see Fig. 2~a!!. The largest variations in
pressure along the pipe occur during the accelerating and dec
ating parts of the cycle, nearf590 deg ~Fig. 4~c!! and f
5270 deg~Fig. 4~g!!, respectively.
As the flow decreases in the cycle fromf50 to f590 deg,
Figs. 4~b! and 4~c!, we note that at the inner side of the pipe, t
velocity profiles become quite retarded. Atf590 deg the un-
steady pressure gradient has reached its maximum unfavo
value and the resulting flow profiles indicate the onset of fl
reversal on the bottom wall of the pipe. It appears from th
results that the shorter distance over which the pressure di
ences acts on the inner wall is one of the major factors in
velocity reversal on the inner wall. As the flow decreases to
minimum, Figs. 4~d!, and 4~e!, the resulting profiles at the cente
of the pipe develops into a retarded form, which has very in
esting and convoluted positive and negative velocity features.
example atf5180 deg, the net flow is almost zero, even thou
there are significant positive flows at the outer pipe wall and ne
tive flows along the inner wall. We note here that these oppo
flows are dissipated for lower values of the frequency parame
since there is more time for viscous influences to act. The pos
and negative flows are formed during the deceleration phase o
cycle and they do not dissipate at high values of the freque
parameter.
The acceleration phase of the cycle are shown in Figs. 4~f !–
4~h!. The rapid increase of velocity near the pipe walls during t
phase is remarkable. Atf5270 deg the unsteady pressure gra
ent reaches its maximum favorable value, and the minimum
locity occurs at the center of the pipe. This behavior is very si
lar to those presented by Hamakiotes and Berger@5#, but is very
different than the steady flow profiles. By the time the cyc
reachesf5315 deg both the inner wall and center flows ha
significantly recovered from the retarded flow resulting from t
deceleration phase of the cycle. However the minimum velocit
still occurring near the center, and this pattern persists until
end of the cycle. It should be mentioned again that this behavio
characteristic of large values of the frequency parameter, an
more traditional flow develops at lower values of the frequen
parameter.
„II … Accuracy for the Unsteady Flow Calculations. As
described in the methods section, this paper contains new num
cal methods for calculating internal flows efficiently. We no
present results that highlight the accuracy of our calculations.Journal of Fluids Engineering


















































grid for the curved pipe used in our calculations has mesh size
40321341 in the angular, radial and axial directions, respe
tively. The value of the average velocity error presented in Fig
is define as the quantity
abs~Ū~ t ! inlet2Ū~ t !mid!/Ū~ t ! inlet ,
whereŪ bar represents the average velocity at the sections i
cated in the subscript. This error is small and of the order of o
part in a thousand during the entire cycle. This result is obtai
with our new algorithm where the unsteady pressure predict
the global velocity correction, and the solution of the press
Poisson equation are used. We could further reduce the error in
average velocity and drive the error down to machine zero, bu
do so would require iterations on the pressure Poisson equa
This process would require an excessive amount of computati
time for accuracy that not is necessary for this problem.
The various contributions to the axial pressure differences
shown in Fig. 5. The four pressure differences plotted are defi
as
Dp5abs~pi , j ,k112pi , j ,k!/~rŪ
2/2!
steady part of pressure gradient
Dpa5abs~a i , j ,k112a i , j ,k!/~rŪ
2/2!
contribution of Poisson equation
Dpg5abs~pi , j ,k119 2pi , j ,k9 !/~rŪ
2/2!
pressure error in global mass balance
Dpt5abs~pi , j ,k118 2pi , j ,k8 !/~rŪ
2/2!
unsteady part of pressure gradient
By taking absolute values of these quantities, the reversal of
of the pressure differences between the accelerating the dece
ing parts of the cycle is over-ridden. Again, it should be stated t
we have taken pressure differences in the axial direction at
mid-pipe location.
The plots in Fig. 5 are presented at each time step after
iterations of the momentum equations, followed by the solution
the Poisson equation. The results show that the pressure fie
dominated by the unsteady pressure difference everywhere ex
near the maximum velocity part of the cycle~i.e., nearf50).
Analysis of the magnitude of each of the pressure correcti
show that the unsteady pressure prediction does a very good jo
predicting the new pressure field and accounts for the major
tion of the pressure correction in the algorithm. The pressure P
Fig. 5 Analysis of the pressure field during a cycle, Re Ä375,



























Downloaded Fromson equation plays a much smaller role everywhere expect n
f50. Since the total pressure gradient is the sum ofDp andDpt ,
the accurate prediction of the unsteady pressure field is the rea
why we are able to accelerate our algorithms. The global press
correction shown in Fig. 5 is the pressure error associated w
global continuity after the second iteration of the Navier-Stok
equations. The approximate pressure corrections should no
applied more than one or two times, since they do not exac
solve the Navier-Stokes equations. After their application the pr
sure Poisson equation must be applied to obtain the correct th
dimensional flow field.
It should be mentioned that these new calculations require
proximately forty-five minutes per cycle of 240 time steps on
Pentium II 500 PC computer. With this type of speed it is qu
easy to calculate ten cycles overnight, and to analyze the data
next day.
C Flow Variations. We will now present some interesting
flow variations on our problem. The purpose of these variations
to understand flow physics and to determine the sensitivity of
solution to geometry and frequency parameter.
„I … Variations in Geometry, Elliptical Cross-Section, Re
Ä375,aÄ15. The geometry of the curved pipe was changed
one with an elliptical cross section but with the same area as
round pipe. The ratio of the major to minor axis of the ellipse
1.44, and the dimensionless values of the radii are 1.2 and 0.8
Some unsteady flow results under similar flow conditions as in
base case calculations are presented in Fig. 6. The plots co
Fig. 6 Pressure contours and axial velocity contours during a
complete cycle for an elliptical cross-section, Re Ä375, aÄ15874 Õ Vol. 123, DECEMBER 2001





















sponding to peak flow (f50 deg), peak unsteady deceleratio
(f590 deg), and peak acceleration (f5270 deg) are presented
The first column plots the three-dimensional axial velocity profi
at mid-pipe and the second column plots the pressure field and
velocity vector field at the symmetry plane. In general, the ch
acteristics of the flow in the pipe with elliptical cross are similar
those with a round cross-section. This indicates that the effect
the change in the shape of the cross sections are rather small
a high frequency parameter flow,a515, the flows in both cases
Figs. 4 and 6, are very similar, and they have the same ove
pressure range, velocity maximum, and axial velocity profile
Both flows are dominated by the acceleration pressure gradi
Therefore, from the viewpoint of flow structure, there does n
seem to be an obvious advantage or disadvantage to havin
curved pipe with elliptical shaped cross sections.
„II … Change in the Frequency Parameter, ReÄ375, aÄ5.
The next flow variation consists of a curved pipe with round cro
sections and with a lower frequency parameter,a55. For this
value of the frequency parameter, one flow cycle is nine tim
slower relative to the viscous time scale. The flow results, sho
in Fig. 7, are very different when compared to the high frequen
parameter flow results in Fig. 4. At the top of the cycle, (f50 in
Fig. 7~a!!, we note that the plots are very similar to the stea
state flow presented in Fig. 2, where both the velocity and pr
sure fields have similar values. These results suggest that this
is almost locally steady. When the pressure gradient reache
maximum unfavorable value, (f590 deg), the velocity profile
has a strong centrifugal flow behavior with no hint of a flo
r versal. During the maximum favorable acceleration,f
5270 deg), the shape of the velocity profile appears to be v
Fig. 7 Pressure contours and axial velocity contours during a
complete cycle, Re Ä375, aÄ5Transactions of the ASME
f Use: http://www.asme.org/about-asme/terms-of-use





























allsimilar to a local steady pipe flow. That is, the profiles are qu
full except in the outflow half of the pipe where a slight centrif
gal bias in the flow develops. In general, the main characteris
of flows with high and low values of the frequency parame
differ considerably.
„C… Wall Shear Stress Studies. For many applications, es
pecially in biological flows, the wall shear stress plays a criti
role. Early atherosclerotic lesions, for example, are though
develop preferentially in arterial regions exposed to low and
oscillatory wall shear stress~Nerem @16#, Ku et al. @17#, Moore
et al. @18#, Friedman and Deters@19#!. In this section, the wall
shear stress distribution of the flows studied and a general dis
sion of the results obtained are presented. The total wall s




where t1 and t2 are two orthogonal components of the she
stress on the surface of the wall.
„I … Wall Shear Stress for Base Case Calculations.Figures
~8a!–~8c! show contours of the total wall shear stress at th
significant cycle times in the base flow calculations. The base fl
has circular cross sections and a frequency parameter value o
The contours in Figs. 8~a!–8~d! are renormalized at each time o
the cycle in order to obtain maximum clarity for the presentatio
They also give a three-dimensional view of the shear stres
viewed from the interior of one-half of the pipe wall.Journal of Fluids Engineering
















The maximum wall shear stress occurs at the maximum infl
part of the cyclef50 deg as shown in Fig. 8~a! and 8~d! and this
maximum shear occurs at the pipe entrance. This is due to the
entrance velocity profile used. It should also be noted that the fl
at the inner wall of the entrance retains a high wall shear st
value. Also, on the outer wall, about one diameter in from t
entrance, there is an area where the shear stress has a rathe
value. This condition is caused by the tendency of the flow to t
the shortest path along the inner wall. Near the exit of the pipe
the area where the curve pipe changes to a straight section
other special interaction of the flow occurs, which tends to
crease the wall shear on the outer wall and decrease it on the
wall. This change in wall shear can be simply explained by
continuation of the centrifugal nature of the flow. The values
the wall shear away from the pipe entrance and at the exit c
pare quite well to those obtained by Hamakiotes and Berger@5#.
The instantaneous surface streamlines plotted in~8d! show the
same data as Fig. 8~a! but viewed from a different angle. It is clea
from Fig. 8~d! that there are significant cross-flows along the p
surface.
As the flow decelerates there is a significant decrease in
wall shear. Typical values are shown in Fig. 8~b! corresponding to
the maximum deceleration point,f590 deg of the cycle. In a
general sense, the wall shear pattern at this time is similar to
presented for a previous time,f50, Fig. 8~a! with the exception
that the level of wall shear stress is significantly lower. The e
trance region of the flow is longer, and as the flow develops, th
is a tendency for the wall shear to be higher on the outer wDECEMBER 2001, Vol. 123 Õ 875
f Use: http://www.asme.org/about-asme/terms-of-use










































ofrelative to the inner wall. It should also be noted that the entra
region experiences quite low wall shear values as the flow adj
to the pipe curvature.
The shear stress distribution during the favorable pressure
dient part of the cycle is shown in Fig. 8~c!, f5270 deg. Again,
this distribution has features that are similar to the two previ
times presented. The major difference is that the distribution
the wall shear stress is relatively homogeneous and varies by
forty percent over the entire pipe. In fact, if the entrance and
regions are neglected the wall shear varies by less than ten pe
over the entire curved pipe. This rather homogeneous wall she
a direct reflection of the inviscid acceleration of the flow.
„II … Shear for Cases Where the Flow is Varied From Base
Case Calculations. Presented in Fig. 9~a! is the wall shear
stress distribution for the case where the frequency paramet
five, a55. The results presented in this figure are for the ti
when the inflow cycle is at maximum flow~i.e., f50). Just in-
side of the entrance region, the flow in Fig. 9~a! develops larger
values of wall shear on the inner wall and smaller values on
outer wall. These results are consistent with the velocity profi
presented in Fig. 7, and they again indicate that the flow is alm
quasi-steady. The two most notable differences in the featu
when compared to the base case results, are the lower valu
wall shear and the development of a pattern that is very simila
that of steady flow in a curved pipe of the same geometry, see
9~b!. Comparing this low frequency parameter case with
steady flow case~Fig. 9~b!!, we note that the maximum wall shea
values for both cases have almost the same magnitude, with
unsteady flow case having marginally larger values. We reiter
based on the comparison between these two cases, flow
curved pipe with a frequency parameter of five is essenti
quasi-steady during the peak velocities in the cycle. Howe
there are unsteady influence during the deceleration and acce
tion parts of the cycle.
The wall shear distribution for the flow with an elliptical cros
section is shown in Fig. 9~c! for a high frequency parameter. A
comparison of this flow with the base case results~Fig. 8~a!!,
shows that the wall shear patterns and values of total shea
very similar. The only noticeable difference is at the extend876 Õ Vol. 123, DECEMBER 2001





























entrance region on the outer wall for the elliptical cross-secti
Here, the region of lower wall shear on the outer wall is extend
further into the curved pipe relative to the base case. Our in
expectations were that larger changes would occur for the cas
flow in a curved pipe with elliptical cross-sections, however,
shown in Fig. 9~c!, the changes that are calculated are quite sm
relative to the base case.
Summary and Conclusions
In this paper we have successfully calculated a range of fl
flows in curved pipes under highly unsteady flow condition
Variations include changes in geometry as well as in the freque
parameter. Our calculations give new insight into the structure
nature of these flows. Major findings resulting for our study a
1 A new and efficient method is developed to calculate tim
dependent flows in curved pipes in three-dimensions. The me
makes use of the flow physics to predict and correct the tim
dependent flow pressure field. This speed up is substantial, a
has reduced the number of iterations for convergence of the p
sure field by an order of magnitude. For unsteady flows, fast
curate solutions are also obtained where only one GMRES ca
lation is required in solving the Poisson equation.
2 The calculations reveal that the flows at high frequency
rameters,a515, exhibit an inviscid-like nature. This effect dom
nates over the effect of the geometry of the curved pipe that fav
a centrifugal nature for the flow. This inviscid like flow is cause
and driven by the unsteady pressure field that is required to ac
er te the flow. This observation is the key to understanding w
the unsteady pressure correction in our algorithms work well
high frequency flows and almost as well for low frequency flow
3 The effect of changing the cross section of our curved pipe
one with elliptical cross-sections is small for flows at high fr
quency parameters.
4 During the flow deceleration phase of the cycle, the flo
velocity profile becomes quite retarded on the inner pipe w
These retarded profiles persist throughout the low inflow parts




















Downloaded From5 During flow accelerations at high frequency parameter v
ues, the velocity attains its maximum values near the pipe w
with a local minimum near the centerline of the curved pipe.
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